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Department of Physics. IIT Kanpur 208016, India 

Received 21 May 1991, in final farm 13 August 1991 

Abtrad.  An asymmetric potential with two local minima is considered. The time depen- 
dence id such that the true minimum at the initial Stage is changed to the metastable 
minimum at the final stage. The redistribution of an initial probability configuration is 
studied for varying noise strengths and time scales for the change in the potential. 

The quantum mechanical problem of tunnelling from one well to another as a double 
well goes through the transformation indicated in figure 1 has been studied (Berry 
1984) and one finds that the limits T +  m and h + 0 ( T  fixed and large) lead to contrary 
behaviours of I$(?)) (where T is the time taken to carry through the transformation). 

In this work, we describe a method to study the redistribution of probabilities for 
a double-well potential with a noise induced classical diffusion. Similar problems with 
a symmetrical double well (Schramm et a/ 1985) have been studied in optical (Scharpf 
el al 1987) and hydrodynamical (Swift er al 1991) contexts. Here we present the 
asymmetric case, which is the classical analogue of the quantum problem studied by 
Berry (1984). 

The Fokker-Planck equation (for a review see Risken 1984) for a time-dependent 
potential V ( x ,  t )  is 

ax 
JP(x ,  1 )  d 

at  ax 

where E is the noise strength. 
Consider a potential V ( x ,  I )  shown in figure 1, whose left well gets shallower and 

right well gets deeper until the configuration symmetric to the initial one is obtained. 
We assume that the probability distribution at zero time is given by the ground state 
of the potential as obtained from the Fokker-Planck equation. We will study the 
probability distribution in several cases that will be determined by T, the time taken 
for the transformation and E, the noise term. We anticipate that in the limit T+m 
with finite E and E +m with finite T, the probability distribution should completely 
leak into the ground state of the final potential; whereas when E +O, one expects that 
the initial configuration is maintained. The sudden case where T is very small is also 
studied and one can show that the leakage is determined by the noise term. 

For analytical convenience, we model the potential by 

V(X, t )  = x4- A ( x  - a(t))* 

where a ( r )  goes from +a to -a. 
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Figure 1. The time-dependent asymmetric double-well potential. 

Then the initial probability distribution is 

and the probability to be in the left well is much larger. In order to proceed we need 
another function which gives a greater probability for occupation of the right well and 

is a reasonable guess. $- is also important because it is the ground state of the final 
potential. Since the transition of the potential is smooth, we expect that at any time 
the probability distribution will be given, to a very good approximation, by 

P(X,  I )  = 4 t ) $ + + P ( O + - .  (2) 

we are essentiaiiy interested in the time dependence of a ( f j  and @ ( t i .  inserting (2) 
into (1) we get 

... 

d $+ W -  d$++& =- (2Ab( f ) )+ -  (2Ac( I ) )  
dx dx 

where, 

b ( f )  = a ( f ) - a  and c ( f )  = o ( r ) +  a. 

Multiplying throughout by $+ and integrating, we get 

2Aa 
d + y b  =- y(2Ac( t ) ) P .  

E 

Similarly for $- we get 

2Aa 
y d + b = - y y ( 2 A b ( f ) ) a  

where, 

( $ + , @ + ) = ( $ - , $ - ) = I  

and 
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Writing this in matrix form and inverting we finally get 

Equation (5) is our working equation and all the results of interest should be derivable 
from it. 

A. Slow variation with a large noise term: ( E  finite (but large) and T+oo).  We 
note that y < 1. If a # 0, at large noise, both $+ and $- will spread and thus have 
considerable overlap. In such a case y can be close to 1 and we can write y = 1 - S 
and work to first order in S. 

Equation ( 5 )  then reduces to 

- ( l - S ) b ( t )  - ( I - Z S ) c ( t )  p 

Trying a solution of the form 

and neglecting k and (since the variation is slow) we get 

2h2 =a ( a 2 -  a 2 ( t ) )  

4h2a2 2h' 
E S  E 

PZ(0 = -- +- (3a2+ a ' ( t ) ) .  

If a ( t )  is of the form a ( t / T )  then one can write a general solution for the final 
probability distribution 

-(1- 6 ) c  
T t -  ( 4 a 2 ) T - -  

E E 

where 

n =' T j o T ( a 2 - a 2 ( t ) )  df>O 

and r and s are determined by initial conditions. 
We note that if S <;only the first column vector contributes for large T. In that case; 

i.e., given sufficient time and sufficiently large noise the probability distribution will 
leak into the right well. 
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B. (T finite and E +a). On the other hand, as &+a, one can show again that it 

For this we need to show that 
is only the first column vector that is important. 

-+a as  &+a. 4A2a2 
E 8  

Now, straightforward algebra for E >> 1 yields 

where 

so that 

4A2u2 U ~- - E - .  
E 8  2v 

Again it can be shown that for large, V/ U - &  irrespective of A. Therefore 

4A2a2 
~ goes to infinity as e l i 2  

E 8  

so that once again we get 

i.e. the probability distribution completely leaks into the ground state of the final 
potential. 

C. (Low noise term (~'0)). Now E is small and we keep terms only up to first 
order in y.  The equation of interest is 

4A20y 0 
( p " ) = y ( - b ( f )  

Again using the method described for case (A), we get 

As E + 0, y /  E + 0, therefore p( t ) / a (  r )  = 0, i.e. there is no leakage to the ground state 
of the final potential. 

D. ( T + O ) .  Last of all we consider the case where the change takes place very fast. 
We have equation ( 5 )  

(;) = 4 A Z w 2  (Nt) 
d - y  1 - b ( r )  

Put t = r7. 
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After rescaling and letting T go to zero, we get (note that for E<< 1, yT/E must be 
small and for E > 1, T / 6  must be small) 

as expected. 
Thus we see that the qualitative features of noise induced classical diffusion are 

essentially the same as that of quantum tunnelling in the limits studied. Although the 
intermediate condition where T and E are not at the extremes has not been presented, 
one can guess that there will be a mixed type of situation with incomplete leaking. 

I would like to thank Dr J K Bhattacharjee for introducing me to the problem and 
for helpful discussions. I would also like to thank R Sengupta for helping me prepare 
the draft. 
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